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State-Space Approach to l1-Optimal Robust Tracking

Craig N. Scott¤ and Lincoln A. Wood†

Royal Melbourne Institute of Technology, Melbourne, Victoria 3001, Australia

In most l1 optimization work, the plant model is typically expressed as a transfer function matrix, often in the
more specialized coprime factorization form. The derivation of the optimization problem can be complicated, at
times requiring an understandingof advancedmathematicalconcepts. State-spaceapproachesto control problems,
however, frequently result in intuitively simpler methods.A state-space alternative to the transfer function methods
of ourprevious work is presented. The controllers generated are optimized for a speci� c tracking maneuver and are
also designedtominimize the sensitivity to disturbances, sensor noise, and modelingerrors. A block diagramsimilar
to the model reference approach is used, which has the potential to give better controllers than the conventional
block diagram.

Nomenclature
DC = denominator feedback part of controller
d = denominator of plant right coprime factorization
I j = ( j £ j ) identity matrix
K = ¡ D ¡ 1

C NC2

NC1 = feedforward part of controller
NC2 = numerator feedback part of controller
n = numerator of plant right coprime factorization
P0 = linear plant model that can be described by the discrete

state space matrices AP , BP , CP , and DP ; nd ¡ 1

p = number of plant inputs
q = number of plant outputs
u = plant input
V = (W ¡ 1

3 P0W2 )T

W = (W ¡ 1
2 W4 )T

W2 ¡ 4 = weighting � lters on the respective inputs;
for multivariable plants, these are diagonal matrices
of weighting � lters

w1 = command reference (sometimes abbreviated to w)
w2 = disturbance input
w3 = sensor noise input
w4 = modeling error input
y = plant output
u = tracking error, w1 ¡ y

I. Introduction

T HE literature focusing on l1-optimal control has been grow-
ing at a healthy rate in recent times. There is now available

to the designer a choice of methods for designing controllers using
a variety of mathematical tools. Recently, the authors showed an-
other formulation1,2 that gave the designer a complete method for
generating optimally robust controllers without sacri� cing optimal
performance. Dahleh and Pearson,3,4 Diaz-Bobillo and Dahleh,5

and Dahleh and Diaz-Bobillo6 show the most common methods
of setting out an l1-optimization problem. Other methods have
appeared7 ¡ 9 using a different, simpler form for the constraint set
by making use of closed-loop relationships. All of these methods
use a transfer function matrix to represent the plant model.

This paper provides a simpler approach by using the state-space
matrices of the plant and the weighting � lters of Ref. 2. The formu-
lation makes use of less demanding mathematical tools than most
other l1 approaches, with coprime factorizations only being used
in the derivation and not in the � nal optimization. The designer is
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mostly required to use only basic matrix algebra in forming the
� nal optimization problem, which is carried out in two distinct
and independentparts: trackingand regulation.The � rst determines
the optimal behavior of the system in an ideal environment where
there are no disturbances,sensornoise, or modeling errors. The sec-
ond minimizes the sensitivity of the system to these environmental
effects.

It is also shown that the conventional two-degree-of-freedom
(DOF) controller format used in Ref. 2, and analyzed in detail in
Ref. 10, is equivalent to a model reference block diagram. This is
exploited here to eliminate a term from the feedforward path of the
controller, thereby removing the need for numerical deconvolution
when forming the controller from the optimization results. It is also
shown that this relaxes the constraints associatedwith any nonmin-
imum phase zeros of the command reference and has the potential
to permit better controllers in special circumstances.

The reason for seeking other ways to express the optimization
constraints,aside from simplifying the formulations, is to � nd more
numerically stable alternatives. It has been observed that transfer
function methods can generate problems that are numerically dif-
� cult to solve, and so more reliable methods are needed. The for-
mulations presented in this paper show that there are signi� cantly
different ways of enforcing the necessary constraintsets. The state-
space format of the tracking optimization shows excellent numer-
ical reliability. The regulation optimization can be expressed in a
number of different ways, one of which has been chosen to show
how the constraints can be manipulated. The state-space formula-
tion chosen to illustrate the concepts is not particularlynumerically
well-behaved, but does present techniques that can be applied to
form other constraint sets that may well perform better.

II. Block Diagram
Figure 1 shows the conventional layout of a system with a two-

DOF controller (see Ref. 2 for details). Because all terms are linear,
the effects of w1 can be separatedfrom the effectsof w2 ¡ 4, as shown
in Fig. 2. All terms contained in the bottom part of Fig. 2 (labeled
the optimal part) are either known or determinedby an optimization
prior to implementing the controller. This is because they have no
dependenceon the unknownenvironmentaleffectsw2 ¡ 4 . Therefore,
it is possible to omit most of the optimal part and just inject u ¤ and
y ¤ directly into the top section (the regulator). This also reduces any
numerical roundoff that may occur with high-order NC1 , NC2 , and
DC terms.Tidyingup the result leads to the simplerblockdiagramof
Fig. 3. By eliminating NC1 and injectingu ¤ and y ¤ in this way, unsta-
ble pole-zero cancellationbetween NC1 and w1 is no longer prohib-
ited because it cannot lead to internal instabilityof the new system.

The regulator (feedback) parts of the controller NC2 and DC have
been lumped together into the K term, whereas the optimal tracking
(feedforward) term NC1 has been replaced by the u ¤ and y ¤ terms.
Note that y ¤ is added to the plant output after the sensor noise be-
causethe true plantoutput y is not availableto the controller.Placing
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Fig. 1 Conventional two-DOF controller.

Fig. 2 Separated form of block diagram.

Fig. 3 Alternate two-DOF controller.

y ¤ after rather than before the sensor noise makes no differencebe-
cause the noise is added as a linear operation.

Figure 3 is effectively the same as the model reference approach.
The only difference is that y ¤ is known in advance instead of being
calculatedfrom puttingu ¤ througha plant model online. This opens
up the possibility of using mixed controller types. For example, u ¤

and y ¤ may be formedusing an l1 technique,but the feedbackpart of
the controller K may instead be formed using some other method,
such as H 1 , fuzzy logic, etc.

III. Tracking Optimization
The tracking problem amounts to � nding a valid (u ¤ , y ¤ ) pair

[or, equivalently, a (u ¤ , u ¤ ) pair]. In Ref. 2, this was achieved by

solving a linear program where the constraints were derived using
discrete transfer function matrices. The constraints ensured that,
for the speci� ed reference (w1, hereafter simply referred to as w to
avoidlaterconfusion), theoptimalu generateda compatibletracking
error u . Instead of using transfer function matrices and coprime
factorizations,this can easily be enforcedusing only the state-space
matrices of the plant. Consider the i th time step of the usual discrete
state-space equations

yi = CP xi + DP u i (1)

xi + 1 = AP xi + BP u i (2)

For the optimal solution, this can be written as

u ¤
i = w i ¡ CP xi ¡ DP u ¤

i (3)

xi + 1 = AP xi + BP u ¤
i (4)

When we expand these equations for the � rst f time steps, we
get the following:

u ¤
0

u ¤
1
...

u ¤
f ¡ 1

=

w0

w1
...

w f ¡ 1

¡

CP

C P
. . .

CP

x0

x1
...

x f ¡ 1

¡

DP

DP
. . .

DP

u ¤
0

u ¤
1
...

u ¤
f ¡ 1

(5)

0

0
...
0

x f

=

AP ¡ I

AP ¡ I
. . .

. . .
AP ¡ I

AP

x0

x1
...

x f ¡ 1

+

BP

BP
. . .

BP

u ¤
0

u ¤
1
...

u ¤
f ¡ 1

(6)

Note that if AP is larger than a (1 £ 1) matrix, each xi is a vector.
For multi-input/multi-output (MIMO) systems, Á¤

i , wi , and u ¤
i will

also be vectors.For instance,for a plantwith p inputsand q outputs,
they will have the form

Á¤
i =

u ¤
1i

u ¤
2i

...

u ¤
qi

, wi =

w1i

w2i

...
wqi

, u¤
i =

u ¤
1i

u ¤
2i

...

u ¤
pi

(7)

The subscript refers to the input/output channel,whereas the sub-
script refers to the time step of interest. It will be convenient to
write Eqs. (5) and (6) in the more condensed form of Eqs. (8) and
(9) where each term is the appropriate vector (denoted by boldface
with tilde) or matrix (boldface font) of the expanded state-space
equations:

Á̃ = w̃ ¡ Cx̃ ¡ Dũ (8)

ṽ = Ax̃ + Bũ (9)

There may be occasions where the actuator has a steady-state
component. This can be included in a similar way to the transfer
function formulation by setting u¤ = ū + uSS. It is not necessary to
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explicitly include a step function on uSS because it is assumed that
u ¤ is zero before the initial time step anyway. The constraints may,
therefore, be written as

I D C

B A

˜u
˜̄u

x̃

=
w̃ ¡ ũSS

ṽ
where ũSS =

DP uSS

DP uSS
...

(10)

where I is of the appropriate dimension. Equation (9) requires a
little more attention from the designer, particularly the initial and
� nal states, x0 and x f . Generally, the initial state will be zero, but
there is no reason why it cannot be somethingelse if the designer so
wishes. The � nal state dependson the maneuver speci� ed by w. It is
essential that x f is consistentwith w, because it is usually assumed
that Á ¤ = 0 and u ¤ = uSS after time f . If w is a � nite length sequence
(or matrix of sequences in the multi-output case), x f should be a
zero vector.This will enforcezero steady-stateactuatorand tracking
error. If w has a nonzero steady-state component, then x f needs to
be chosen to match it, taking into consideration any steady-state
actuator, uSS, which may also be needed. The example in Ref. 2
shows how both x f and uSS can be obtained from w and the state-
space matrices of the plant.

The linear program is completed by de� ning an objective that is
essentially the same as the transfer functionversion.For a plantwith
p inputs and q outputs, the objective can be expressed as

min j 1

q

j = 1

k ˜u j k 1 + j 2

p

j = 1

k ˜̄u j k 1 (11)

Converting the norms into linearoperationson boundedvariables
is handled in exactly the same way as in Ref. 2.

IV. Regulation Optimization
In Ref. 2, the regulation optimization was formulated using a

coprime factorization of the plant. This allowed the problem to be
expressed in terms of transfer function matrices relating the envi-
ronmental inputs w2 ¡ 4 and the optimal u ¤ and u ¤ to the actuator
demandsand trackingerror.This was expressedin a form equivalent
to the following:

u = u ¤ + u2w2 + u3w3 + u4w4 (12)

u = u ¤ + u 2w2 + u 3w3 + u 4w4 (13)

Each u i or u i term is a matrix for MIMO plants. Extracting the
necessary information from Ref. 2, the constraints can be summa-
rized as follows:

u2 = (dDC ¡ I )W2 (14)

u3 = ¡ dNC2 W3 (15)

u4 = (dDC ¡ I )W4 (16)

u 2 = ¡ nDC W2 (17)

u 3 = nNC2 W3 (18)

u 4 = ¡ nDC W4 (19)

NC2 n + DC d = I (20)

k u4 k 1 · 1 (21)

NC2 z0 = 0 (22)

When we note that P0 = nd ¡ 1 , and that W2 ¡ 4 are diagonal matri-
ces, performing simple algebraic manipulation allows NC2 and DC

to be eliminated and Eq. (20) to be removed. The constraints then
reduce to

u 2 + P0u2 = ¡ P0W2 (23)

u 3 + P0u3 = 0 (24)

u 4 + P0u4 = ¡ P0W4 (25)

u4 ¡ u2W ¡ 1
2 W4 = 0 (26)

u2 ¡ u3W ¡ 1
3 P0W2 = 0 (27)

k u4 k 1 · 1 (28)

u3 j z0 = 0 (29)

To see how Eq. (29) enforcesEq. (22), assume that Eq. (29) holds
and that theplant P0 has N delays.By Eq. (24), u 3 must have(N + 1)
delays.d is derivedfroma coprime factorizationand is notpermitted
to possess a delay, whereas n has N delays. Inspection of Eq. (18)
reveals that if W3 is assumed to have no delay (easily enforcableby
the designer), then NC2 must have a singledelay.Therefore,Eq. (29)
is both necessary and suf� cient to enforce Eq. (22).

These constraints could be put into linear program form using
transfer function matrices, but they can also be expressed in terms
of state-spacematrices. ConsiderEq. (23), where u 2 , u2 , and W2 are
all matrices (which would imply that the plant is MIMO). When we
use some of the operators de� ned in the Appendix, some reordering
is possible (this transformationis most easily visualizedby thinking
of each term in transfer function matrix form)

col( u 2) + (I p , P0 )col(u2 ) = ( I p , P0 )col( ¡ W2 ) (30)

The term ( Ip , P0)col(u2) can actually be interpreted as a plant
de� ned by ( I p , P0 ) and receiving the input col(u2). Furthermore,
because ( Ip , P0) is just p sets of uncoupled P0 plants, its state-
space matrices are easily found

A = (I p , AP ), B = ( Ip , BP )

C = (I p , CP ), D = ( Ip , DP ) (31)

A similar thing can be done with the right-hand side of Eq. (30),
allowing Eq. (30) to be rewritten in the following state-space form:

[col( u 2 )]i + Cxi + D[col(u2 )]i = Cx ¤
i + D[col( ¡ W2 )]i (32)

xi + 1 = Axi + B[col(u2 )]i (33)

x ¤
i + 1 = Ax ¤

i + B[col( ¡ W2 )]i (34)

where x and x ¤ are state variables and the i subscript refers to the
coef� cient of z ¡ i (or, equivalently, to the i th time step in the state-
space context).

Equations (32–34) enforce the same conditions on u2 and u 2 as
Eq. (30), but further simpli� cation is possible. In Ref. 1, the single-
input/single-output equivalents of u2 and u 2 were represented as
impulse responsesrestricted to a designatednumber of terms by the
designer, thereby ensuring that they were stable. The same can be
done here with the matrix versionsof u2 and u 2. If their elements are
restricted to being polynomial sequences of no more than k terms
per entry (where k is no less than the length of the W2 impulse
responses), then, for i > k, Eqs. (32–34) reduce to

Cxi = Cx ¤
i (35)

xi + 1 = Axi (36)

x¤
i + 1 = Ax ¤

i (37)
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Obviously, the only way Eq. (35) can be satis� ed is if xi = x¤
i for

i > k. Equations (36) and (37) mean that ensuring xi = x ¤
i for any

i > k also ensures that it holds for all i > k. Because x ¤
i has to be

determined for all i ·k to generate the right-hand side of Eq. (32),
x ¤

k + 1 is readily obtainable and xk + 1 = x ¤
k +1 is the easiest constraint

to enforce. It is useful at this point to introduce some shorthand:

ũ2 =

[col(u2)]z0

[col(u2)]z ¡ 1

...

, Á̃2 =

[col( u 2)]z0

[col( u 2)]z ¡ 1

...

(38)

x̃2 =

x0

x1
...

, F =

F0

F1
...

, f =

0
...
0

x ¤
k + 1

(39)

Fi = Cx ¤
i + D[col( ¡ W2 )]i (40)

Āp = [ ( Ik , A), p] (41)

B̄p = (Ik , B) (42)

C̄ p = ( Ik , C ) (43)

D̄p = ( Ik , D) (44)

The constraint of Eq. (23) can then be expressed in terms of the
state-space form,

I D̄p C̄ p

B̄p Āp

˜u 2

ũ2

x̃2

=
F

f
(45)

with the added constraint (x̃2)z0 = 0. Equations (24) and (25) can be
expressed in an entirely analagous fashion.This format is able to be
used directly in a set of linear program constraints.

Equations (26) and (27) are more dif� cult because the unknowns
u2 and u3 are postmultiplied by terms, which makes them dif� cult
to convert directly into linear program constraints. Consider the
transpose of Eq. (26), expanded out for a plant with two inputs

uT
4 ¡ WuT

2 = 0 (46)

col1 uT
4

col2 uT
4

¡
W

W

col1 uT
2

col2 uT
2

= 0 (47)

When we treat W as a plant with state-space matrices Aw to Dw ,
this can be expressed in an alternative form

col1 uT
4

col2 uT
4 i

¡
Cw

Cw

xa

xb i

¡
Dw

Dw

col1 uT
2

col2 uT
2 i

= 0 (48)

Aw

Aw

xa

xb i

+
Bw

Bw

col1 uT
2

col2 uT
2 i

=
xa

xb i + 1

(49)

It wouldbemoreuseful if u2 and u4 were expressedin termsof un-
transposedquantities,which can be achievedwith a little reordering,

u411

u421

u412

u422 i

¡

row1(Cw )

row1(Cw )

row2(Cw )

row2(Cw )

xa

xb i

¡

Dw11 Dw12

Dw11 Dw12

Dw21 Dw22

Dw21 Dw22

u211

u221

u212

u222 i

= 0 (50)

Aw

Aw

xa

xb i

+
col1(Bw ) col2(Bw )

col1(Bw ) col2(Bw )

u211

u221

u212

u222 i

=
xa

xb i + 1

(51)

This can be extended to a plant with p inputs and expressed in
operator notation as

col(u4)i ¡ row(Cw , p)(x )i ¡ (Dw , p)col(u2 )i = 0 (52)

( I p , Aw )(x )i ¡ col(Bw , p)col(u2 )i = col(u2 )i + 1 (53)

The working from here is similar to the earlier derivations, with
only some small differences in the shorthand notation,

x̃w =

xa

xb
...

(54)

Ā ¤
p = (I p , Aw ) (55)

Ā p = Ik , A ¤
w , p (56)

B̄p = [Ik , col(Bw , p)] (57)

C̄ p = [Ik , row(Cw , p)] (58)

D̄p = [Ik , (Dw , p)] (59)

The constraint of Eq. (26) can then be expressed in terms of the
state-space form

¡ I D̄w C̄w

B̄w Āw

ũ4

ũ2

x̃w

=
0

0
(60)

with theaddedconstraint(x̃w )z0 = 0. Equation (27) is similar,except
that the transpose of the plant is needed to � nd the Av – Dv matri-
ces (the equivalentof the Aw – Dw state-spacematrices in the earlier
working). This is a straightforwardtask using the well-knownequa-
tion for � nding the transfer function descriptionof a plant from the
state-space matrices

P = C P (s I ¡ AP ) ¡ 1 BP + DP (61)

PT = BT
P (s I ¡ AP ) ¡ 1 T

C T
P + DT

P (62)

= BT
P s I ¡ AT

P

¡ 1
CT

P + DT
P (63)

By direct analogy, the transposedplant’s state-spacematrices(de-
noted by a t subscript) can be written

At = AT
P , Bt = C T

P

Ct = BT
P , Dt = DT

P (64)
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V. Comparison with Transfer Function Approach
The preceding state-spaceformulationswere applied to the same

plant as the example in Ref. 2. For the tracking optimization, the
same u and u sequence lengths were speci� ed (k = 100) with the
same set of performanceconstraints.The state-spaceresults showed
little difference to those for the transfer function formulation. The
two linear programs required the same number of variables, but the
state-spaceapproachrequiredabout40% more constraintequations.
Despite this, the number of nonzeros for the transfer function ap-
proach was almost double that needed for the state-space version.
This highlights the ability of the state-space tracking optimization
to generatevery sparseproblems,making them well suited to sparse
linear program solvers.

A second tracking optimization was performed for shorter u and
u sequence lengths. With k = 70 the state-space solution changed
very little, but the transfer function formulation showed signi� cant
change at the end of the maneuver (see Figs. 4 and 5). This was a
direct result of the state-space formulation excluding NC1 from the
optimization,whereas it appeared explicitly in the transfer function
linear program.

The regulation optimization was also formed with an equivalent
size (k = 156) to the transfer function formulation. It was observed
that the state-space linear program required about 55% more vari-
ables and just over double the number of constraints. As was ob-
servedfor the trackingoptimization,however, the number of nonze-
ros was signi� cantly less (a 40% reduction).

Unfortunately, just as the transfer function linear program could
not be solved in its original form, the state-space version was also

Plant outputs

Actuator demands

Fig. 4 Transfer function tracking results with k = 70.

Plant outputs

Actuator demands

Fig. 5 State-space tracking results with k = 70.

unableto be solved.This was handledin the transferfunctioncaseby
converting the linear program to its dual. Doing this with the state-
space formulation offers little advantage over the transfer function
approach due to the much larger problem dimensions, even with
fewer nonzeros. Another reason for seeking an alternative formula-
tion is to � nd a simpler approach, but the need to convert the linear
program to the dual does not really satisfy this goal.

VI. Conclusions
State-spaceconstraintsets havebeenderivedfor both the tracking

and regulation optimizations of Ref. 2. The tracking optimization
was shown to be very successful and much simpler to form than
the transfer function formulation. It was also shown for the example
plant that the state-space approach returned a better solution when
the maneuver was restricted to be completed in a shorter period
of time (corresponding to a lower-order controller in the transfer
function case).

The regulationoptimizationused simplermathematicalconcepts,
but ultimately offered few advantages over the transfer function
formulation.No improvementwas observed in numerical reliability
and the problem dimensions increased,but far fewer nonzeros were
required in the constraint set. The formulation did, however, show
how the constraints can be manipulated and recast in a different
form, highlightingsome of the points that must be consideredwhen
doing so.

Recasting both optimizations relied on the alternate block dia-
gramof Fig. 3. This format has great potentialfor otherformulations
as well, removing limitations on unstable pole-zero cancellation
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between NC1 and w1. It was also shown in the example that the
elimination of NC1 permitted better results for lower-order tracking
optimizations.

Appendix: Notation
For coli (a), extract the i th column of a

col(a) =

col1(a)

col2(a)
...

For (a, b), a is a diagonal matrix and b can be any matrix. The
operator multiplies the entire b matrix by each diagonal element of
a in turn, storing the results diagonally.The de� nition is best shown
by example:

a11b

a22b
. . .

For (a, i ), expand each element of the matrix a into an (i £ i )
diagonal submatrix. The result will have i times as many rows and
columns as the original a matrix. For example,

1 2

3 4
, 2 =

1 2

1 2

3 4

3 4

For (a, i ), place blocks of ¡ I above the main diagonal of
( Ii , a). For example,

(a, 4) =

a ¡ I

a ¡ I

a ¡ I

a

For n ( p, k), assemble p blocks (side-by-side) of p rows consist-
ing of k 1’s. For example,

n (2, 3) =
1 1 1 1 1 1

1 1 1 1 1 1
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