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State-Space Approach to /;-Optimal Robust Tracking

Craig N. Scott*and Lincoln A. Wood"
Royal Melbourne Institute of Technology, Melbourne, Victoria 3001, Australia

In most /; optimization work, the plant model is typically expressed as a transfer function matrix, often in the
more specialized coprime factorization form. The derivation of the optimization problem can be complicated, at
times requiring an understanding of advanced mathematical concepts. State-space approaches to control problems,
however, frequently result in intuitively simpler methods. A state-space alternative to the transfer function methods
of our previous work is presented. The controllers generated are optimized for a specific tracking maneuver and are
also designed to minimize the sensitivity to disturbances, sensor noise, and modeling errors. A block diagram similar
to the model reference approach is used, which has the potential to give better controllers than the conventional

block diagram.

Nomenclature

= denominator feedback part of controller

d = denominator of plant right coprime factorization

(j X j) identity matrix

= - DC_1 ch

feedforward part of controller

numerator feedback part of controller

n = numerator of plant right coprime factorization

= linear plant model that can be described by the discrete
state space matrices Ap, Bp, Cp, and Dp; nd™"

= number of plant inputs

= number of plant outputs

= plant input

= (W, PW)"

= (W, ' Wa)!

= weighting filters on the respective inputs;
for multivariable plants, these are diagonal matrices
of weighting filters

= command reference (sometimes abbreviated to w)

= disturbance input

sensor noise input

modeling error input

plant output

¢ = tracking error, w; — y
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I. Introduction

HE literature focusing on /,-optimal control has been grow-

ing at a healthy rate in recent times. There is now available
to the designer a choice of methods for designing controllers using
a variety of mathematical tools. Recently, the authors showed an-
other formulation-? that gave the designer a complete method for
generating optimally robust controllers without sacrificing optimal
performance. Dahleh and Pearson>* Diaz-Bobillo and Dahleh,’
and Dahleh and Diaz-Bobillo® show the most common methods
of setting out an /;-optimization problem. Other methods have
appeared’ ™ using a different, simpler form for the constraint set
by making use of closed-loop relationships. All of these methods
use a transfer function matrix to represent the plant model.

This paper provides a simpler approach by using the state-space
matrices of the plant and the weighting filters of Ref. 2. The formu-
lation makes use of less demanding mathematical tools than most
other /; approaches, with coprime factorizations only being used
in the derivation and not in the final optimization. The designer is

Received 12 July 1999; accepted for publication 9 February 2000. Copy-
right © 2000 by the American Institute of Aeronautics and Astronautics,
Inc. All rights reserved.

*Doctoral Candidate, Department of Aerospace Engineering, Wackett
Aerospace Centre, GPO Box 2476V.

 Adjunct Professor of Aerospace Engineering, Department of Aerospace
Engineering, Wackett Aerospace Centre, GPO Box 2476V.

844

mostly required to use only basic matrix algebra in forming the
final optimization problem, which is carried out in two distinct
and independentparts: tracking and regulation. The first determines
the optimal behavior of the system in an ideal environment where
there are no disturbances, sensor noise, or modeling errors. The sec-
ond minimizes the sensitivity of the system to these environmental
effects.

It is also shown that the conventional two-degree-of-freedom
(DOF) controller format used in Ref. 2, and analyzed in detail in
Ref. 10, is equivalent to a model reference block diagram. This is
exploited here to eliminate a term from the feedforward path of the
controller, thereby removing the need for numerical deconvolution
when forming the controllerfrom the optimizationresults. It is also
shown that this relaxes the constraints associated with any nonmin-
imum phase zeros of the command reference and has the potential
to permit better controllers in special circumstances.

The reason for seeking other ways to express the optimization
constraints,aside from simplifying the formulations, is to find more
numerically stable alternatives. It has been observed that transfer
function methods can generate problems that are numerically dif-
ficult to solve, and so more reliable methods are needed. The for-
mulations presented in this paper show that there are significantly
different ways of enforcing the necessary constraintsets. The state-
space format of the tracking optimization shows excellent numer-
ical reliability. The regulation optimization can be expressed in a
number of different ways, one of which has been chosen to show
how the constraints can be manipulated. The state-space formula-
tion chosen to illustrate the concepts is not particularly numerically
well-behaved, but does present techniques that can be applied to
form other constraint sets that may well perform better.

II. Block Diagram

Figure 1 shows the conventional layout of a system with a two-
DOF controller (see Ref. 2 for details). Because all terms are linear,
the effects of w; can be separated from the effectsof w,_4, as shown
in Fig. 2. All terms contained in the bottom part of Fig. 2 (labeled
the optimal part) are either known or determined by an optimization
prior to implementing the controller. This is because they have no
dependenceon the unknown environmentaleffects w,_,. Therefore,
it is possible to omit most of the optimal part and just inject u* and
y* directly into the top section (the regulator). This also reduces any
numerical roundoff that may occur with high-order N¢,, N¢,, and
D terms. Tidying up theresultleads to the simplerblock diagram of
Fig. 3. By eliminating N¢, and injectingu™* and y* in this way, unsta-
ble pole-zero cancellationbetween N, and w is no longer prohib-
ited becauseit cannot lead to internal instability of the new system.

The regulator (feedback) parts of the controller N¢, and D have
been lumped togetherinto the K term, whereas the optimal tracking
(feedforward) term N¢, has been replaced by the u* and y* terms.
Note that y* is added to the plant output after the sensor noise be-
causethe true plantoutput y is notavailableto the controller.Placing
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Fig. 3 Alternate two-DOF controller.

y* after rather than before the sensor noise makes no difference be-
cause the noise is added as a linear operation.

Figure 3 is effectively the same as the model reference approach.
The only differenceis that y* is known in advance instead of being
calculated from putting u* through a plant model online. This opens
up the possibility of using mixed controller types. For example, u*
and y* may be formed using an /; technique, but the feedback part of
the controller K may instead be formed using some other method,
such as H,, fuzzy logic, etc.

III. Tracking Optimization

The tracking problem amounts to finding a valid (u*, y*) pair
[or, equivalently, a (u*, ¢*) pair]. In Ref. 2, this was achieved by

solving a linear program where the constraints were derived using
discrete transfer function matrices. The constraints ensured that,
for the specified reference (w,, hereafter simply referred to as w to
avoidlater confusion), the optimal # generateda compatibletracking
error ¢. Instead of using transfer function matrices and coprime
factorizations, this can easily be enforced using only the state-space
matrices of the plant. Consider the i th time step of the usual discrete
state-space equations

Yi = Cpx; + Dpu; (1)
Xi+1 =Apx; + Bpu; )

For the optimal solution, this can be written as
¢ =w; —

Xiy1 = Apx; + Bpu; 4)

Cpx; — Dpu; (3

When we expand these equations for the first f time steps, we
get the following:

¢g Wy Cp X0
¢1* Wi Cp X1
[ Wpr-i Crl Uxpy
Dy g
D uy
- " : ©)
Dp u’;’—l
0 Ap =1
0 Ay —I o
_ .. X
0 Ap =1 :
Xr—1
Xy Ap !
B, Uy
B uy
+ " . 6)
Bp "";—1

Note that if Ap is larger than a (1 X 1) matrix, each x; is a vector.
For multi-input/multi-output (MIMO) systems, ¢, w;, and u; will
alsobe vectors. For instance, for a plant with p inputs and g outputs,
they will have the form

¢1*l w 1; u T,‘

B ¢2*1 W2i " u;,‘
b =1 . (> wi=1 . u = : )

¢f1i qi uﬂi

The subscriptrefers to the input/output channel, whereas the sub-
script refers to the time step of interest. It will be convenient to
write Eqgs. (5) and (6) in the more condensed form of Egs. (8) and
(9) where each term is the appropriate vector (denoted by boldface
with tilde) or matrix (boldface font) of the expanded state-space
equations:

é=w-Cx-Di (8)
v =Ax + Bu )
There may be occasions where the actuator has a steady-state

component. This can be included in a similar way to the transfer
function formulation by setting u* =# + ugg. It is not necessary to
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explicitly include a step function on uss because it is assumed that
u* is zero before the initial time step anyway. The constraints may,
therefore, be written as

5

where I is of the appropriate dimension. Equation (9) requires a
little more attention from the designer, particularly the initial and
final states, x, and x ;. Generally, the initial state will be zero, but
there is no reason why it cannotbe somethingelse if the designer so
wishes. The final state depends on the maneuver specified by w. It is
essential that x ; is consistent with w, because it is usually assumed
that ™ =0 andu* = ugg aftertime f. If w is a finite length sequence
(or matrix of sequences in the multi-output case), x; should be a
zero vector. This will enforce zero steady-stateactuatorand tracking
error. If w has a nonzero steady-state component, then x ; needs to
be chosen to match it, taking into consideration any steady-state
actuator, usg, which may also be needed. The example in Ref. 2
shows how both x; and ugg can be obtained from w and the state-
space matrices of the plant.

The linear program is completed by defining an objective that is
essentially the same as the transfer function version. For a plant with
p inputs and g outputs, the objective can be expressed as

q P
min{quIIlf;_,-lll+KzZ||'fj||1} (an

Jj=1 j=1

Dpugg

W — ligs -
= { . } where #gg = 1 Dplss
v .

NEERSN

=

(10)

Converting the norms into linear operations on bounded variables
is handled in exactly the same way as in Ref. 2.

IV. Regulation Optimization
In Ref. 2, the regulation optimization was formulated using a
coprime factorization of the plant. This allowed the problem to be
expressed in terms of transfer function matrices relating the envi-
ronmental inputs w, _, and the optimal u* and ¢* to the actuator
demands and trackingerror. This was expressedin a form equivalent
to the following:

w=u"+ uws + uswz + ugwy (12)
O =9+ Powy + P3ws + Pawy (13)
Each u; or ¢; term is a matrix for MIMO plants. Extracting the

necessary information from Ref. 2, the constraints can be summa-
rized as follows:

u, = (dD¢e — YW, (14)
uy = —dNc, Ws (15)
uy = (dDe — YW, (16)
¢ = —nDc W, W)
¢3 =nNc,W; (18)
¢y = —nDc W, (19)
Ne,n+ Ded =1 (20)
luall, <1 21
Ne,|, =0 (22)

When we note that Py =nd ™", and that W,_, are diagonal matri-
ces, performing simple algebraic manipulation allows N, and D¢

to be eliminated and Eq. (20) to be removed. The constraints then
reduce to

¢, + Pyu, = —PyW, (23)
¢3 + Pouy =0 (24)

¢y + Pouy = —PyW, (25)
U, — u2W2_1W4 =0 (26)

Uy — u3W3_1P0W2 =0 27
lually <1 (28)

uzl0 =0 (29)

To see how Eq. (29) enforces Eq. (22), assume that Eq. (29) holds
and thatthe plant Py has N delays.By Eq. (24), ¢; musthave (N + 1)
delays.d is derived from a coprime factorizationand is not permitted
to possess a delay, whereas n has N delays. Inspection of Eq. (18)
reveals thatif W; is assumed to have no delay (easily enforcable by
the designer), then N, musthave a single delay. Therefore, Eq. (29)
is both necessary and sufficient to enforce Eq. (22).

These constraints could be put into linear program form using
transfer function matrices, but they can also be expressed in terms
of state-space matrices. Consider Eq. (23), where ¢,, u,, and W, are
all matrices (which would imply that the plantis MIMO). When we
use some of the operators defined in the Appendix, some reordering
is possible (this transformationis most easily visualizedby thinking
of each term in transfer function matrix form)

col(¢>) + D(I,, Py)eol(uy) = D(I,,, Py)eol(—W,) (30)

The term D(7,,, Py)col(u,) can actually be interpreted as a plant
defined by D(I,,, Py) and receiving the input col(#,). Furthermore,
because D(7,,, P) is just p sets of uncoupled P, plants, its state-
space matrices are easily found

A =D, Ap), B =D(1,, Bp)

C =Dd,,Cp), D =D(l,, Dy) (31)
A similar thing can be done with the right-hand side of Eq. (30),
allowing Eq. (30) to be rewritten in the following state-space form:

[col(¢,)]; + Cx; + Dleol(up)]; = Cx] + Dlcol(—=W,)]; (32)
Xiy] = Axi + B[COl(Mz)]i (33)
x?+l = Axl* + B[COI(—Wz)]i (34)

where x and x* are state variables and the i subscript refers to the
coefficient of z~/ (or, equivalently, to the ith time step in the state-
space context).

Equations (32-34) enforce the same conditions on u#, and ¢, as
Eq. (30), but further simplification is possible. In Ref. 1, the single-
input/single-output equivalents of u, and ¢, were represented as
impulse responsesrestricted to a designated number of terms by the
designer, thereby ensuring that they were stable. The same can be
done here with the matrix versionsof u, and ¢,. If theirelements are
restricted to being polynomial sequences of no more than k terms
per entry (where k is no less than the length of the W, impulse
responses), then, fori > k, Eqs. (32-34) reduce to

Cx; = Cx} (35)
X+ = Ax; (36)
X/, = Ax! 37
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Obviously, the only way Eq. (35) can be satisfied is if x; = x] for
i > k. Equations (36) and (37) mean that ensuring x; =x for any
i > k also ensures that it holds for all i > k. Because x;" has to be
determined for all i <k to generate the right-hand side of Eq. (32),
x; ., is readily obtainable and x, , | =x;, is the easiest constraint
to enforce. It is useful at this point to introduce some shorthand:

[col(u)].0 [col($2)].0

i, = { [eol(uz)] - ¢, = { [col(¢2)].- (38)
% Fy 0

e N S L A
' X

F, = Cx} + D[col(—-W,)], (40)

A, = Q[D(I, A), p] (41)

B, =D(I;, B) (42)

C, =D, C) (43)

D, =D, D) (44)

The constraint of Eq. (23) can then be expressed in terms of the
state-space form,

1 D, C, & F
B A Uy = f (45)
P P )'52

with the added constraint (x,).0 = 0. Equations (24) and (25) can be
expressedin an entirely analagous fashion. This format s able to be

used directly in a set of linear program constraints.
Equations (26) and (27) are more difficult because the unknowns
u, and u3 are postmultiplied by terms, which makes them difficult

to convert directly into linear program constraints. Consider the
transpose of Eq. (26), expanded out for a plant with two inputs

u, — Wuj; =0 (46)
col, (u[) ~ |:W i| col; (uZT) —o )
col, (u[) W1 |col, (uZT)

When we treat W as a plant with state-space matrices A,, to D,,,
this can be expressed in an alternative form

v R
colz(uf) . Col 1%,
- [DW } —— (48)
D, c012(u2T) )
|:AW } {x} +|:BW } coli(u3)| {x} )
Ay | (%], B, colZ(MZT) I__ ol

It would be more usefulif u, and us were expressedin terms of un-
transposedquantities, which can be achieved with a little reordering,

Uy, rOWI(CW)
Uy, Tow; (Cw ) Xa
Uy, rOWZ(CW) Xp i
Uy, i oW, (CW )
DWII Dle Uy
DWII Dle Uy,
- =0 (50)
DWZI Dsz Uz,
DWZI Dsz Uy )
Aw Xa
Aw Xp ;
Uz,
+ coli(By) col,(B,,) U,
coli(By) col(B,,) U,
Uz ),

xll
) P

This can be extended to a plant with p inputs and expressed in
operator notation as

col(u4),- - gl‘OW(CW! p)(x), - 5(DWs p)COl(u2)i =0 (52)
D(Ips Aw)(x)i - 5C0](BW7 p)COl(u2)i = COI(MQ),' +1 (53)

The working from here is similar to the earlier derivations, with
only some small differences in the shorthand notation,

Xa
X, =" (54)
Ay =D(,, A,) (55)
A, = Q[D(1. 4}). p] (56)
B, = DI, &(B,., p)] (57)
Cp = DI, Eou(Cy, P)] (58)
D, =DlI, &(D,, p)] (59)

The constraint of Eq. (26) can then be expressed in terms of the

state-space form
_ — Uy
-1 Dw CW ~ 0 (60)
_ Uy ¢ =
B, AJ|.[ o
X

with the added constraint(x,,).0 = 0. Equation (27) is similar, except
that the transpose of the plant is needed to find the A,-D, matri-
ces (the equivalentof the A, - D,, state-spacematrices in the earlier
working). This is a straightforwardtask using the well-known equa-
tion for finding the transfer function description of a plant from the
state-space matrices

>

P=Cp(sI —Ap)"'Bp + Dy 61)
P" = BI[(s1 - Ap)'] CL + D (62)
= BI(s1 — AL) 'L + D, (63)

By directanalogy, the transposedplant’s state-space matrices (de-
noted by a ¢ subscript) can be written

A = AZ! B, = ,LT:
C, = By, D, = Dj (64)
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V. Comparison with Transfer Function Approach

The preceding state-space formulations were applied to the same
plant as the example in Ref. 2. For the tracking optimization, the
same u and ¢ sequence lengths were specified (k =100) with the
same set of performance constraints. The state-spaceresults showed
little difference to those for the transfer function formulation. The
two linear programs required the same number of variables, but the
state-spaceapproachrequired about40% more constraintequations.
Despite this, the number of nonzeros for the transfer function ap-
proach was almost double that needed for the state-space version.
This highlights the ability of the state-space tracking optimization
to generate very sparse problems, making them well suited to sparse
linear program solvers.

A second tracking optimization was performed for shorter u and
¢ sequence lengths. With k =70 the state-space solution changed
very little, but the transfer function formulation showed significant
change at the end of the maneuver (see Figs. 4 and 5). This was a
direct result of the state-space formulation excluding N¢, from the
optimization, whereas it appeared explicitly in the transfer function
linear program.

The regulation optimization was also formed with an equivalent
size (k = 156) to the transfer function formulation. It was observed
that the state-space linear program required about 55% more vari-
ables and just over double the number of constraints. As was ob-
served for the tracking optimization,however, the number of nonze-
ros was significantly less (a 40% reduction).

Unfortunately, just as the transfer function linear program could
not be solved in its original form, the state-space version was also
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Fig. 5 State-space tracking results with k = 70.

unableto be solved. This was handledin the transferfunctioncase by
converting the linear program to its dual. Doing this with the state-
space formulation offers little advantage over the transfer function
approach due to the much larger problem dimensions, even with
fewer nonzeros. Another reason for seeking an alternative formula-
tion is to find a simpler approach, but the need to convert the linear
program to the dual does not really satisfy this goal.

VI. Conclusions

State-spaceconstraintsets have been derived for both the tracking
and regulation optimizations of Ref. 2. The tracking optimization
was shown to be very successful and much simpler to form than
the transfer function formulation. It was also shown for the example
plant that the state-space approach returned a better solution when
the maneuver was restricted to be completed in a shorter period
of time (corresponding to a lower-order controller in the transfer
function case).

The regulation optimizationused simpler mathematical concepts,
but ultimately offered few advantages over the transfer function
formulation. No improvement was observed in numerical reliability
and the problem dimensionsincreased, but far fewer nonzeros were
required in the constraint set. The formulation did, however, show
how the constraints can be manipulated and recast in a different
form, highlightingsome of the points that must be considered when
doing so.

Recasting both optimizations relied on the alternate block dia-
gramof Fig. 3. This format has great potential for other formulations
as well, removing limitations on unstable pole-zero cancellation
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between N¢, and w,. It was also shown in the example that the
elimination of N¢, permitted better results for lower-order tracking
optimizations.

Appendix: Notation
For col;(a), extract the ith column of a

coly(a)

col(a) = coly(a)

For D(a, b), a is a diagonal matrix and b can be any matrix. The
operator multiplies the entire b matrix by each diagonal element of
a in turn, storing the results diagonally. The definition is best shown
by example:

a“b

azzb

For £(a, i), expand each element of the matrix a into an (i Xi)
diagonal submatrix. The result will have i times as many rows and
columns as the original @ matrix. For example,

1 2
1 2 1 2
£ 2 ) =
<|:3 4i| ) 3 4

For Q(a, i), place blocks of —I above the main diagonal of
D(I;, a). For example,

a -1

Qa, 4) =

For &(p, k), assemble p blocks (side-by-side) of p rows consist-
ing of k 1’s. For example,

1 1 1 1
1 1 1 1 1 1
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